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INFLUENCE OF HALL CURRENTS ON THE ACCELERATION OF A 

CONDUCTING GAS IN ITS OWN MAGNETIC FIELD 

G. M. B a m - Z e l i k o v i c h  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  No.  4, pp .  2 7 - 3 4 ,  1965 

In [1] the author gave a solution of the problem of how the Hall cur- 
rents influence the flow pattern of a conducting gas which is accel- 
erated in a channel to high velocities in external electric and mag- 
netic fields. The present article considers the influence of Hall cur- 
rents on the acceleration of a plasma in its own magnetic field, i . e . ,  
the magnetic field induced by the currents flowing in the plasma. 

1. We  c o n s i d e r  t h e  f low o f  a c o n d u c t i n g  g a s  in  a 
c h a n n e l  w i t h  c o n s t a n t  c r o s s  s e c t i o n  and  r e c t i l i n e a r  

a x i s .  We  i n t r o d u c e  a r e c t a n g u l a r  s y s t e m  of  c o o r d i -  

n a t e s ,  d i r e c t i n g  t h e  x a x i s  a l o n g  t h e  a x i s  o f  t h e  c h a n -  
ne l ,  and  p l a c i n g  t h e  o r i g i n  on  t h e  l o w e r  w a l l  i n  t h e  

i n i t i a l  c r o s s  s e c t i o n  o f  t h e  c h a n n e l .  We  d i r e c t  t h e  y 

a x i s  a t  r i g h t  a n g l e s  to  t h e  l o w e r  w a l l ,  and  b y  Y0 we  
d e n o t e  t h e  c o n s t a n t  h e i g h t  o f  t h e  c h a n n e l .  W e  f o r m u -  

l a t e  t h e  a s s u m p t i o n s  o n  w h i c h  t h e  p r o b l e m  w i l l  b e  
s o l v e d .  

(1) Al l  t h e  r e q u i r e d  q u a n t i t i e s  a r e  i n d e p e n d e n t  of  

t h e  z c o o r d i n a t e .  

(2) T h e  c o m p o n e n t  o f  t h e  e l e c t r i c  f i e l d  s t r e n g t h  

v e c t o r  E in  t h e  d i r e c t i o n  o f  t h e  z a x i s  i s  e q u a l  to  

z e r o .  T h e  p o t e n t i a l  d i f f e r e n c e  ~ ix) a p p l i e d  to  t h e  
u p p e r  and  l o w e r  w a l l s  o f  t h e  c h a n n e l  i s  s u c h  t h a t  

E x < <  E y = E i x ,  y) .  
(3) T h e r e  a r e  no  e x t e r n a l  m a g n e t i c  f i e l d s .  

(4) T h e  p l a s m a  i s  n e u t r a l  o n  t h e  a v e r a g e .  T h e  c o n -  

d u c t i v i t y  cr = c o n s t  a n d  t h e  p a r a m e t e r  c~T = k = c o n s t  

( ~  i s  t h e  c y c l o t r o n  f r e q u e n c y  o f  t h e  e l e c t r o n s  and  ~ i s  
t h e  t i m e  b e t w e e n  c o l l i s i o n s ) .  T h e  q u a n t i t y  k i s  s u c h  

t h a t  k 2 m a y  b e  n e g l e c t e d  in  c o m p a r i s o n  w i t h  u n i t y .  

(5) T h e  h e i g h t  Y0 of  t h e  c h a n n e l  i s  c o n s t a n t .  
(6) D i s t o r t i o n  of  t h e  e l e c t r i c  and  m a g n e t i c  f i e l d s  a t  

t h e  s i d e  w a l l s  o f  t h e  c h a n n e l  and  a t  t h e  e n d s  of  t h e  

c h a n n e l  m a y  b e  n e g l e c t e d .  

(7) T h e  g a s  i s  a c c e l e r a t e d  to  h i g h  v e l o c i t i e s  (~107  

c m / s e c ) ,  and  t h e  p r e s s u r e  g r a d i e n t  m a y  b e  n e g l e c t e d  

in  c o m p a r i s o n  w i t h  t h e  e l e c t r o d y n a m i c  f o r c e .  
A s s u m p t i o n s  (1), (3),  (6) c o r r e s p o n d  to  t h e  c a s e  of  

f low in  a c y l i n d r i c a l  c h a n n e l  w i t h  c o a x i a l  e l e c t r o d e s  

in  w h i c h  t h e  d i s t a n c e  Y0 b e t w e e n  e l e c t r o d e s  i s  s m a l l  
c o m p a r e d  w i t h  t h e  r a d i i  o f  t h e  e l e c t r o d e s .  See  [2], 

f o r  e x a m p ] e ,  a s  r e g a r d s  t h e  a c c e p t a b i l i t y  o f  a s s u m p -  

t i o n  (7) .  

T h e  e q u a t i o n s  of  c o n t i n u i t y  a n d  m o t i o n  and  t h e  

g e n e r a l i z e d  O h m ' s  l a w  h a v e  t h e  f o l l o w i n g  f o r m :  

0 (pu) / Ox + 0 (pv) / Oy - -  O, (1 .1)  

o ~  Ou ~ H OH 
pu Uz + pv T~ = - -  4~ -07 ' 

av Ov t H OH (1 .2)  
Ou a ~  -~- Pv bTj - -  4~ 3 ~  " 

Oy --~(I )-k'~) ,7 v I I - - k  E - -  uI1 , 

011 4~'~ , t 1 ] 
. . . . . . . . . . .  ['- - -  - u l t  -~- k --  v H  | �9 ( 1 . 3 )  Ox c(t  -~.k~) �9 c c 

H e r e  p i s  t h e  d e n s i t y ,  u and  v a r e  t h e  c o m p o n e n t s  
of t h e  v e l o c i t y  on  t h e  x and  y a x e s ,  H i s  t h e  c o m p o -  
n e n t  of  t h e  m a g n e t i c  f i e l d  s t r e n g t h  on  t h e  z a x i s .  H e r e  

t h e  w e l l - k n o w n  e q u a t i o n  o f  e l e c t r o d y n a m i c s  r o t  H = 

= (47r/c)  j i s  t a k e n  in to  c o n s i d e r a t i o n .  

T h e  boundary -  c o n d i t i o n s  f o r  u, v and  p w i l l  b e  

~ = u 0 o ,  v = 0 ,  9 = P 0 0  f o r z = 0 ;  
(1.4) 

v=O fory=,~o and :j=o. 

In a d d i t i o n  to t h i s  we  h a v e  t h e  c o n d i t i o n s  f o r  H and  
E 

H =  0 f o r  z = L ,  y = 0 ;  f E d!t = cp (z). (1.5)  
0 

Clearly, the condition for E expresses the fact that the potential 
difference between the electrodes is a given quantity. As regards the 
condition for H, the following must be noted. If there were no Hall 

currents, then as a remit of the fact that we neglect end effects, H 
should vanish at the end of the channel. The presence of currents 
flowing along the x axis may lead to the magnetic field strength being 
different from zero over the whole cross section at the end of the chan- 
nel. However, as is well known, currents flowing along the surface of 
an axially-symmetric conductor give rise to a magnetic field outside 
the conductor only. Thus at the external electrode, i . e . ,  at y = 0 the 
magnetic field strength remains equal to zero. At other points on the 
end section it must be determined from the solution of the problem. 

E l i m i n a t i n g  E f r o m  (1 .3) ,  we o b t a i n  

oH / o ! / - -  ]cog / az  = (~,nz / c ~) ~,H (1 .6 )  

and  f o r  E i t s e l f  w e  h a v e  f r o m  (1.3)  t h e  e x p r e s s i o n  

E = ( 1 / e )  ~ H  - -  (e /4:~z)  (OH/0x  + #OH /0!/) ; 

s u b s t i t u t i n g  in  (1 .5) ,  we  f ind  

f .,1 c 0,, 1 
., _ - -  ~ \-072 4- lc -b; / j  d ! / =  ~ (x ) .  (1 .7 )  
0 

Thus we must solve a system of four partial differential equations 
(1.1), (1.2), (1.G) for boundary conditions (1.4), (1.5) and (1.7). The 
unknown functions are p, u, v and H. 

It was pointed out in [1] that in our case of acceleration to high 
velocities the influence of the Hall current leads to three different flow 
zones appearing in the channel. A zone of strong rarefaction (vacuum) 
is formed at the lower wall (anode) and there is a compression shock 
on the upper wall, while the core of the flow lies between these two 
zones. The ratio of the vacuum zone and the zone behind the com- 
pression shock to the chamlel height will be of the order of k, as was 
pointed out in [1]. 

F i r s t  of  a l l ,  we  s h a l l  c o n s i d e r  t h e  c o r e  f low.  We 

e x p a n d  t h e  r e q u i r e d  f u n c t i o n s  in  s e r i e s  in  p o w e r s  o f  k 

p iVpik ~, u ui/, "i, v := v~k i, 1i =: (1 .8)  
0 i 
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We so lve  the  s y s t e m  of  equat ions  neg lec t ing  t e r m s  
of  o r d e r  k 2. Sett ing e x p r e s s i o n s  (1.8) in equat ions  
(1.1), (1.2) and (1.6) and equat ing coef f i c ien t s  of  l ike  
p o w e r s  of k, we obta in  a s y s t e m  of equat ions  for  de -  
t e r m i n i n g  the z e r o - t h  and f i r s t  a p p r o x i m a t i o n s .  We 
have  fo r  the  quant i t i es  P0, u0, v0, H0 (noting that  fo r  
k = 0 t h e r e  a r e  no Hall  c u r r e n t s  and the mot ion  in the  
channel  i s  o n e - d i m e n s i o n a l )  

0 (pouo) = 0, 
Vo = 0 ,  ~ (1 .9 )  

8uo t OHo 8Ho -~ 0 
PoUo y~- ---- - -  ~ -  Ho ~ ,  0--~- " 

F o r  Pl, ul, Vl, H1 we obta in  

0 (uopl § ulpo) 0 (povi) = 0 

,0 0 o,,, , I .  �9 

Ovl i OH1 OH1 OHo 4 ~  . .  
p0uo ~ -  = - -  ~ Ho ~-y , Oy ox = - ~ -  Vlno . 

C o r r e s p o n d i n g l y ,  the  bounda ry  condi t ions  for  the  
z e r o - t h  app rox ima t ion  give 

Uo=Uoo, Vo=0,  Po=Poo f o r x = 0 ;  H o - - 0  f o r x = L  
Y0 [(l / c) uoHo - -  (c / 4no) dHo / dx] = r (x). (1.11) 

In de r iv ing  the l a s t  r e l a t i o n  f r o m  condi t ion  (1.7), 
we t ake  into c o n s i d e r a t i o n  the  fac t  that  the  quant i t i es  
of  the  z e r o - t h  a p p r o x i m a t i o n  a r e  independent  of  y and 
the c o r r e s p o n d i n g  e x p r e s s i o n s  m a y  thus  be  taken  ou t -  
s ide  the i n t e g r a l  s ign .  

F r o m  (1.4), (1.5), and (1.7) we a l so  obta in  the 
b o u n d a r y  condi t ions  fo r  the  f i r s t  app rox ima t ion  

ul----0, v ~ - - 0 ,  p i - - 0 f o r x : 0 ;  H l = O f o r x = L , y : O  
Yo 

c OH11 dy = O. (1.12) I[~(u0H~+u,Ho) ~ ~-~ 
o 

In the last condition of (1.12) the integral is taken over the whole 
height of the channel and not over the height of the core flow only, 
since the difference between these integrals will be of order k. And 
since the integral in (1.12) is itself the coefficient of a term of order 
k in the expansion of the expression which enters into (1.7). the error 
involved in changing the interval of integration will be of the order of 
k ~, i .e . .  of an order such as we everywhere neglect. 

We c o n s i d e r  the  equat ions  of  the  z e r o - t h  a p p r o x i -  
ma t ion .  We have f r o m  the second  and t h i r d  equat ions  
of (1.9) and the b o u n d a r y  cond i t ions  

PoUo = PooUoo, (1 .13 )  

PooUoo~o § Ho: / 8~ = Poo~oo ~ + Hoo ~ / 8~ . 

Here  H00 deno tes  the  va lue  of  H 0 f o r  x = 0, to b e  
d e t e r m i n e d .  

E x p r e s s i n g  u 0 in t e r m s  of  H 0 f r o m  (1.13) and s e t -  
t ing  th i s  in the  l a s t  r e l a t i o n  of (1.11), we ob ta in  an 
o r d i n a r y  d i f f e r e n t i a l  equat ion fo r  H 0 

4g~ dx ~ Uoo + H~176 - -  H~ ~yo .(1.14) 

An a r b i t r a r y  c o n s t a n t  a p p e a r s  when equat ion (1.14) 
i s  i n t e g r a t e d .  Th i s  m a y  be  e x p r e s s e d  in t e r m s  o f  H00 

f r o m  the condi t ion  that  H 0 = H00 fo r  x = 0. Subsequent-  
ly,  H00 m a y  be d e t e r m i n e d  f rom the  boundary  cond i -  
t ion (1.11). Thus,  f inding the quant i t ies  of  the  z e r o - t h  
app rox ima t ion  r e d u c e s  to the in teg ra t ion  of a s ingle  
o r d i n a r y  d i f f e ren t i a l  equat ion of  the  f i r s t  Order .  

The s y s t e m  of equat ions  (1.10) for  quant i t i es  of  the  
f i r s t  app rox ima t ion  i s  a s y s t e m  of four  l i n e a r  p a r t i a l  
d i f f e r en t i a l  equat ions .  With the  known quant i t i es  of 
the  z e r o - t h  approx ima t ion ,  i t s  solut ion fo r  boundary  
condi t ions  (1.12) m a y  be r e d u c e d  to the ca lcu la t ion  of 
q u a d r a t u r e s .  In fact ,  e l im ina t i ng  H 1 f r o m  the two l a s t  
equat ions  of (1.10), we obta in  

Ovl ~Ho 2 �9 Ho dIto = 0 .  ( 1 . 1 5 )  

This  i s  a l i n e a r  equat ion in Vl, conta in ing only one 
de r i va t i ve  of  v 1 with r e s p e c t  to x. The coe f f i c i en t s  of 
th i s  equat ion a r e  a lso  funct ions  of x only .  Thus equa-  
t ion (1.15) m a y b e  in t eg ra t ed  wi th  r e s p e c t  to x.  I ts  
g e n e r a l  solut ion wil l  be  

x 

0 

Ao i x) ~ I H~ 
0 

w h e r e  f l  (Y) i s  an a r b i t r a r y  funct ion of y .  
Subst i tu t ing  h e r e  the bounda ry  condi t ion  (1.12), we 

ge t  tha t  f l  (Y) ~ 0 and 
x 

t e-Ao (x) ~ rZ  dHo . k ,  (x) vl = 4~p0ou0o ~ , o - ~  dx. (1.16) 
0 

Thus  the c a l c u l a t i o n  of  Vl i s  r e duc e d  to q u a d r a -  
t u r e s .  Next,  f r o m  the l a s t  equat ion of  (1.10), we find 

H1 = y [dHo/dx § (4n~/cm)vlHo] + / 2  (x), (1.17) 

w h e r e  f2 (x) i s  an a r b i t r a r y  function of x.  
Since i t  fo l lows f r o m  (1.16) tha t  v 1 in the c a s e  un-  

d e r  c o n s i d e r a t i o n  depends  on x only,  f r o m  the  f i r s t  
equat ion of (1.10) and the bounda ry  cond i t ions  (1.12) 
we find 

uop 1 ~- ui9 o = 0 .  (1 .18)  

Taking  (1.18) and (1.13) into c o n s i d e r a t i o n ,  we m a y  
now w r i t e  the  r e m a i n i n g  equat ion  of  (1.10) in the  f o r m  

8ul i {Lr 8Hi j_ - 8Ho\ 
PooUoo ~ ~ -  l-'" o ~ -  - -  

O r  in t eg ra t i ng  

PooUooUl + (t / 4~) HoH1 = ]~ (y), (1.19) 

w h e r e  f4 (Y) i s  an  a r b i t r a r y  funct ion of y.  
F o r  x = 0 we have  u 1 = O and, a s  fo l lows f r o m  

(1.17) and (1.12), H i e q u a l s  

H1 (0, y) ---- y (dHo / dx)o + ]2 (0). 

Tak ing  th i s  into account ,  we find tha t  

1, (y) = (t / 4n) Hoo [y (dHo / dx)o + l ,  (0)l . 
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Subst i tu t ing  the va lue  obta ined fo r  f4 (Y) and a lso  
the  va lue  of  H 1 f r o m  (1.17) into (1.19), we obta in  an 
exp l i c i t  e x p r e s s i o n  fo r  the  dependence  of u I o n  y- 

t 
u~ = 4"-~oou~ X (1.20) 

X{y  [{aH~ H dHo%I 4uz Ho'V~]+ Hoo/~(O)--Ho/~(x)}  

Thus H 1 and u 1 a r e  e x p r e s s e d  in t e r m s  of one a r -  
b i t r a r y  funct ion of  x: f2 (x). Th is  funct ion m u s t  be 
d e t e r m i n e d  f r o m  the l a s t  r e l a t i o n  of (1.12). Sett ing 
the  va lue  of H~ f r o m  (1.17) and u 1 f r o m  (1.20) into 
(1.12), we find the r e q u i r e d  equat ion fo r  f2 (x): 

Y~ 

0, 

2A (x) = z dHo 4~a HoSvx] 

4nz dHo /4#~\ 2 . ,  IdaHo 4#~ (H ~ dr1 dHo~] 
+ ~ -  ~ Uo + I--~) noUoV~ - -  L-a-~, + -a-- ~ + v~--aTLl, 

4 ~  I z B (x) = -~V ~Uo-- �9 i_ Ho'] ,  C (x) ----- - -  HooH o 
~:~poo uco  / P~ottooC ~ " 

Here  A (x), B (x) and C (x) a r e  known funct ions of  
x.  I n t eg ra t i ng  with  r e s p e c t  to y and cut t ing  the  i n t e -  
g r a t i on  off a t  Y0, we obta in  an o r d i n a r y  l i n e a r  d i f f e r -  
en t i a l  equat ion fo r  d e t e r m i n i n g  the unknown function 

f2 (x): 

d.f 2 / dx  = B (x) .fu (X) + C (x) 12 (0) + yoA (x) .  

I ts  g e n e r a l  so lu t ion  i s  

x 

0 

(1.21) 

X{/~(0 )+  f [C],(O) + yoA] [ e x p ( - -  B d x ) ] d x } .  
0 

The cons t an t  f2 (0) m a y  be  d e t e r m i n e d  f r o m  the  
b o u n d a r y  condi t ion  (1.12) fo r  Hi, which  has  not  ye t  
been  used  and which t o g e t h e r  wi th  (1.17) shows tha t  
f2 (L)  = 0. Thus Eqs .  (1 .16)- (1 .18) ,  (1.20), and (1.21) 
al!ow us  to c a l c u l a t e  a l l  the  r e q u i r e d  quan t i t i e s  of  the  
f i r s t  a p p r o x i m a t i o n  by  q u a d r a t u r e s  in the  g e n e r a l  
c a s e .  

2. We sha l l  c o m p l e t e  a l l  the  c a l c u l a t i o n s  f o r  the  
c a s e  when t h e r e  i s  no Hal l  c u r r e n t  and the f u n c t i o n  
go (x) i s  g iven  in o p t i m a l  f o r m ,  i . e . ,  such tha t  Jou le  
l o s s e s  a r e  m i n i m a l  fo r  a c c e l e r a t i o n  of the  p l a s m a  in 
the  channe l  to a g iven  v e l o c i t y .  As was  shown in  [3], 
in th i s  c a s e  the  po ten t i a l  d i f f e r ence  d i s t r i b u t i o n  a long 
the  channe l  ax i s  should have  the f o r m  

= (HooYo / c) (1 - -  x / L)  {uoo + (Hoo'  / 8nPooUoo) X 

X [ t - -  (1 - -  x / L)*I} + cHooyo / 4#r 
(2.1) 

w h e r e  Ho0 i s  the  va lue  of  the  m a g n e t i c  f i e ld  s t r e n g t h  
in the  x = 0 c r o s s  s ec t ion ,  d e t e r m i n e d  f r o m  the e x -  
p r e s s i o n  

Hoo = 4nz%cL / Yo (4#~Luo,, + c 2) (q~o = r (0)). (2.2) 

We in t roduce  the d i m e n s i o n l e s s  v a r i a b l e s  

x / L  = 'x* ,  y / L  = y*, P / 9oo = P*, (2.3) 

*H = ~176 / g (4#~L/c  2) u = u*, 

(4~L  / c ~) v --- v*, ~Hoo~L / P00U00c 2 = ~ .  

We a g r e e  hencefor th  to omi t  the s t a r s  f rom the 
d i m e n s i o n l e s s  v a r i a b l e s .  

F o r  a po ten t ia l  d i f f e rence  d i s t r i bu t ed  a long the 
length of the  channel  acco rd ing  to the law (2.1), the 
z e r o - t h  app rox ima t ion  of  the  magne t i c  f ie ld  s t r eng th  
in the channel  and u 0 have the f o r m  

Ho = I - -  x, Uo = %0 + 0.5~ [1 - -  (1 - -  x)2],(2.4) 

F r o m  (1.16) we find 

ke(X/s)(1-:r f (i - -  x) e-(X/s)(1-~)'dx. (2 ~ V l  

o 

F r o m  (1.17) and (1.20) we obta in  

H1 = y ( v l H o -  i) + / (x) (/(x)= fi(z)/ttoo) 

u 1 = - -  ~ [y (1 - -  Ho + viHo 2) + Ho] - -  ]0] (/0 = ! (0)), 2/ 

Set t ing the c o r r e s p o n d i n g  Values of  the quant i t ies  
in e x p r e s s i o n  (1.21) fo r  f2(x)  and reduc ing  it to d i -  
m e n s i o n l e s s  fo rm,  we obta in  

x 

/ ( x > [  i .o- = exp( .,:)dx)]• 
o 

x 

[ "2t Yo f [2yokHo]o - -  (uo + ~.Ho) -i- x L/o § 
o 

x 

q ' -v , ( i  -l-Uo"o)] exp ( - - l ( U o - - k H o ' ) d x ) d x J .  
o 

Taking  (2.4) into c o n s i d e r a t i o n ,  we m a y  ca l cu l a t e  
p a r t  of the  i n t e g r a l s  e n t e r i n g  into th i s  e x p r e s s i o n .  
P e r f o r m i n g  the o o r r e s p o n d i n g  ca l cu l a t i ons ,  we obta in  

Ti (z)}, e-m,~ {/oleO.. + J1 (x)] + yd~ / (x) 
x 

J1 (x) = f eH'u'Hodx, (2.7) 
o 

x 

J2 (z) = f [el (t  + uoHo) - -  (uo + kH0)] eH,~'dx. 
t) 

We d e t e r m i n e  the cons tan t  f0. To do th i s  we note 
tha t  i t  fo l lows f rom the bounda ry  condi t ion  (1.12) fo r  
H 1 and (2.6) tha t  we m u s t  have  f (1 )  = 0. Making use 
of  th i s ,  we e a s i l y  ca l cu l a t e  the  l a s t  a r b i t r a r y  cons tan t  

A: 
]0 = - -  y0J2 (l) / 2 (e~~ + J~ (t)]. (2.8) 

Thus the  r e q u i r e d  quant i t i es  in the flow c o r e  have  
the f o r m  

u = Uoo + 0.5~,  [ t - -  ( I  - -  x)  ~] - -  k~, {y  [ i - -  ( i  - -  x)  2 + 

§ ~. (t  - -  x) ~ J (x) e(>,/a)(t-x)'] + (t -- x) / (x) -- ]o}, 
x / 

J (x) = f(1 --x)e-(>'/3)(a-x)~dx v = k~.J(x)eOa)q-~) ', (2.9) 

H = t --x -y k (/(x) -y y [k (I --x)J (x)e ( ; ' / a ) ( l - ' x ) '  - i ]}, 

w h e r e  f ( x )  i s  g iven  by  (2.7), and fo by (2.8). 
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On the ba s i s  of the equat ions obtained we shal l  con-  
s ide r  the flow p ic ture  in the core  of the s t r e a m  in 
more  detai l .  F r o m  (2.5) we find 

dr1 / dx = ~ (l - -  x) [1 - -  ~, (t - -  x) e(>./s)(z-.~)~J (x)] . 

Hence it is  c l e a r  that the der iva t ive  dvl /dx always 
vanishes  at the end of the channel  for  x = 1. Thus,  in 
the case under  cons idera t ion ,  the veloci ty  component  
on the y axis  always r eaches  a m a x i m u m  at the end 
of the channel ,  as d is t inc t  f rom the examples  i nves -  
t igated in [1]. Values of v / k  calcula ted f rom (2.5) for 
three  va lues  of X(k = 10 solid curve,  X = 3 broken 
curve,  k = 0.3 do t -dash  curve)  a re  shown in Fig.  1. 

J / 

Fig. 1 

The d i f ferent ia l  equation of the s t r e a m  l ines  has 
the fo rm 

dy l dx = kvz l uo 

with an a c c u r a c y  to sma l l  t e r m s  of h igher  o rde r .  
In tegra t ing  and us ing  (2.4) and (2.5), we obtain the 

r e l a t ion  between y and x along a s t r e a m  l ine 

k (  ~3 (x) e ~ 
y = Y-{- 3 u o o + O 5 ) ~ [ t _ ( l _ x ) ~ l d X ,  (2.10) 

o 

where  Y is  the value of y on the s t r e a m  l ine for  x = 0. 
S t ream l ines  ca lcula ted  f rom this  fo rmula  for  u00 = 

= 3 and two va lues  of X a re  shown in Fig.  2 iX = 10 
solid curve  and X = 3 b roken  curve) .  It follows f rom 
(2.10) that with an accu racy  to t e r m s  of o r d e r  k 2 the 
d i f ferent  l ines  may be obtained one f rom the o ther  by  
s imply  shif t ing along the y axis .  

0.?.,5 ~" ' ~  ~ 

~ z 
6 1 

Fig.  2 

3. In the ease  of a cce l e r a t i on  by the magnet ic  field 
of the p l a sma  i tself ,  the flow behind the c o m p r e s s i o n  
shock is  ca lcula ted  in exact ly  the same  way as for  an 
ex te rna l  magnet ic  field [1]. E s t i m a t e s  of the m a g n i -  
tude of the ve loc i ty  v r e m a i n  valid,  and thus the ex-  
p r e s s i o n s  

p ' / p ~  = ( ~  + 1 ) / ( ~ - - t )  (3.1) 
u,  ~ 1 u,, ~ = (~ - -  t) I (x + t), 

for  dens i ty  and ve loc i ty  behind the shock will  be val id 
in the f i r s t  approx imat ion  as before .  

Here ~ is the ra t io  of specific heats  at constant  
p r e s s u r e  and volume,  the upper  index ~ designates  
quant i t ies  in the flow core in f ront  of the shock, the 
upper  index 1 des ignates  quant i t ies  behind the shock, 
and u n is the veloci ty component  no rma l  to the shock. 
If the gas is  fully ionized, then we may a s sume  that  
the quant i ty  ~ does not change on pass ing  through the 
shock. 

The express ions  

U 1 = U= 1 608 a -~- a a  1 sin a, v z = - -  ~t~ 1 sin a A- u~ z cos a (3.2) 

u ~ = u c o s a - - v s i n a ,  u ~ = a s i n a + v c o s a  (3.3) 

also r e m a i n  valid.  
Here ~ is the angle of inc l ina t ion  of the shock to 

the upper  wall  and u~ is the veloci ty  component  t an -  
gential  to the shock. 

As shown in [1], we may a s sume  that behind the 
shock v ~ 0 with the degree  of accuracy  adopted. Then 
taking into cons ide ra t ion  that the tangent ia l  compo-  
nent  of veloci ty  does not change on pass ing  through 
the shock, we obta in  

t g a = u ~  1/u~ z = a ~  z/u~ ~ 2 1 5  ~- l ) ]u~ ~  ~ 

f rom (3.1) and (3.2). 
Confining ou r se lves  to t e r m s  of o r d e r  k, it is  pos-  

s ib le  to find f rom (3.3) and (3.4) 

t g a = ( • 1 7 6  ~ u z = u : z = u ~ ~ 1 7 6  (3.5) 

jus t  as  in the case  of an ex te rna l  magnet ic  field. 

L 
u/u, 0,8 

Fig. 3 

The equat ions of cont inui ty  and mot ion behind the 
shock a s s u m e  the form 

(On) / ~x ---- 0, pu au / ~x : ~ uoo~HOH / Ox 

if  bas i c  t e r m s  only a re  re ta ined  and if we take into 
account  that  behind the shock v ~ 0. 

In tegra t ing  these,  we obtain 

Ou ---- pXuZ, pus ~- 0.5u00~H ~ = pZuZ2 -~ 0.5u00ZH 1~, (3.6) 

where  pl, u t and H 1 a re  the va lues  of p, u and H on 
the s t r e a m  l ine  cons idered  behind the shock at the 
place where  it  i n t e r s e c t s  the shock. Setting the ex-  
pans ions  (1.8) in the f i r s t  equat ion of (3.6) and taking 
(1.13), (1.18), (3.1), and (3 .5 ) in to  cons idera t ion ,  we 
obta in  

pu = [(• -5 t) / (u - -  1)] pu0v00 (3.7) 

behind the shock. 
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We now note that  with an accu racy  to quant i t ies  of 
o r d e r  k 2 we may  a s s u m e  that  behind the shock the 
magne t ic  field s t reng th  H is  independent  of y. Actua l -  
ly, it follows f rom (1.3) that  01t / Oy ~ k H  / ~j0.in o r d e r  
of magni tude .  Consequent ly ,  behind the shock we have 

~j 

(x, ~) = :I (x,y:) + I 
OH 

H ~a~' = H(~;,~ I) + O(i:) 

since the interval of integration y -- y: ~ ky0, where yl 

is the coordinate of the shock. Taking this into ac- 

count, as well as (3.7) and (3.5), and also the fact 

that H does not suffer any discontinuity at the shock, 
we obtain from the second equation of (3.6) an ex- 

pression for the velocity u behind the shock 

z~ (x,  y) = ~ Ix 1 (YL Y] + ( 3 . 8 )  

§ [(• - -  l )  / 2 (7. § 1)] ~ { l l  ~ Ix  ~ (y) ,  y ]  - -  t t  2 [,r, y: (x ) ] } .  

Equation (3.8) gives  an exp re s s ion  for  the gas ve -  
loci ty  behind the shock in  t e r m s  of p a r a m e t e r s  in the 
flow core  in f ront  of the shock, in the channel  c r o s s  
sec t ion  cons ide red  (the point x, yl(x))  and in the 
c r o s s  sec t ion  where  the s t r e a m  l ine i n t e r s e c t s  the 
shock (the point  x l(y), y). 

We obtain the r e l a t ion  be tween  the coord ina tes  of 
the shock by noting that  tg ~ = -dy~ /dx  1. We subs t i tu te  
va lues  of tg ~ f rom (3.5) and, f rom (2.9), the quan-  
t i t i e s  u and v [which en t e r  into e x p r e s s i o n  (3.5)], in 
the flow core  and in t eg ra t e  to obta in  

Y: Yo -- k • ~ L i z.~::~ (3.9) 2 , uoo + 0.5}. [1 -- (1 -- :~,)~] 
I) 

with an accuracy to quantities of order k 2. 

Fig. 3 shows the velocity profiles at the exit from 
the channel calculated from (2.9) for the flow core and 

from (3.8) behind the shock. Along the abscissa axis 

is plotted the ratio of flow velocity to u0, i.e., to the 

value  of the ve loc i ty  at the channel  exit in  the absence  
of Hall c u r r e n t s ,  and along the o rd ina te  axis  the va lue  

of y re la t ive  to the channel  height (to Y0). The ca l cu -  
la t ion has been  c a r r i e d  out for  k = 0.2, Y0 = 0.3, u00 = 
= 3. The solid curve  co r r e sponds  to X = 10, the b r o -  
ken curve  to X = 3. The points of d i scont inu i ty  on the 
cu rves  Correspond to the coordina te  of the shock 
(y l /y  0 ~ 0.887 for  h = 10 and y l / y  0 ~ 0.907 for h = 3). 
The lower  points  on the cu rves  give the boundary  of 
the vacuum region .  F o r  X = 10 this  boundary  will  be 
at Y/Y0 ~ 0.136 and for k = 3 at Y/Y0 ~ 0.114. 

it i s  c l e a r  f rom Fig. 3 that  the genera l  c h a r a c t e r  
of the inf luence exer ted  by Hall c u r r e n t s  on the veloci ty  
prof i le  for a cce l e r a t i on  of a p l a sma  in i ts  own mag-  
net ic  field r e m a i n s  the same  as for acce le ra t ion  in an 
ex te rna l  magnet ic  field [1], i . e . ,  the ve loc i ty  changes 
gent ly  in the flow core  and in the zone behind the 
shock in s t r e a m s  pass ing  through the shock at the be -  
g inning of the channel ,  the ve loc i ty  is 1 .5 -2  t imes  
l e s s  than in the m a i n  flow. The re  is  a sma l l  d i f fer -  
ence in the fact that  in the case  where  a gas is  ac -  
ce le ra ted  in i ts  own magnet ic  field the ve loc i ty  p ro -  
file in the ma in  flow is  a s y m m e t r i c  with r e spec t  to the 
center line of the channel. This is associated with the 

fact that for self-field acceleration this field is asym- 
metric over the channel cross section. 
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